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Abstract 
We answer a question of Erd6s, Faudree, Reid, Schelp and Staton by showing that for every 
integer k~>2 there is a triangle-free graph G of order n such that no degree in G is repeated 
more than k times and ind(G)= (1 + o(1))n/k. 
1. Introduction 
In [2], Erd6s et al. proved that every triangle-free graph G in which no degree is 
repeated more than twice is bipartite and thus has independence number at least IGI/2. 
In this paper, we consider triangle-free graphs in which no degree is repeated more 
than k times, What can one say about the independence number of such graphs? As 
observed in [3], if G is a triangle-free graph of order n and no degree in G is repeated 
more than k times then some vertex v has degree at least (n/k)-1; if G has no isolated 
vertices then some vertex v has degree at least n/k. Then, since the neighbourhood F(v) 
of v is an independent set, we must have ind(G)>~n/k. In fact, Erd6s et al. [3] asked 
whether this inequality is essentially best possible. In other words, are there graphs 
G of arbitrarily large order n such that G is triangle-free, no degree in G is repeated 
more than k times, and ind(G)=(1 +o(1))n/k? In [3] it is shown that for k=2 and 
k =4 this is indeed the case. Our main aim is to prove that the inequality is essentially 
best possible for all values of k. 
Theorem 1. For every integer k~>2, andJor ever), e>0, there is an n0(k,e,) such that 
if n >~no(k,e,) then there is a triangle-free graph G of order n such that no degree in 
G is repeated more than k times and 
ind(G)~( l  + e)lGl/k. 
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The related question of the existence of Kr-free graphs with no degree repeated many 
times and without large independent sets of vertices was investigated by Erd6s et al. 
[3]. They showed that, for r~>5 and k~>2, there exist Kr-free graphs of order n with 
independence number o(n) and no degree repeated more than k times, but that no such 
graphs exist for r=4 and k=3.  In [1] it is proved that there exist Ka-free graphs of 
order n with independence number o(n) and no degree repeated more than 5 times. 
This leaves open only the case k = 4. 
2. Proof of Theorem 1 
We shall make use of the following immediate consequence of the Max-Flow Min- 
Cut Theorem. 
Lemma 2. Suppose dl >>-d2 >> - . . .  >>.d, > 0 and el >>-e2 >~ .. .  >~en > 0 are two integer 
sequences uch that 
n n 
~di=~ei .  (1) 
i=1 i=1 
Then there is a bipartite graph with bipartition (V1, V2) and degrees dl . . . . .  d~ in V1 
and el . . . . .  en in V2 iff,, for all i = 1 . . . . .  n, we have 
n i 
~_min{ i ,  eh} >1 ~_, dh. (2) 
h=l h=l 
The other result that we shall need below is the following lemma about triangle-free 
graphs (we note that we could prove a much stronger esult, but this is all we shall 
need). 
Lemma 3. Let k >~2 be an O~teoer and let ~>0. I f  n is even and sufficiently large 
then there exists a k-partite triangle-free graph with n vertices in each vertex class 
such that every vertex has degree [log n] and the largest independent set has size at 
most (1 + e)n. 
Proof. Let n = 2n0, and let p be the maximal integer such that 
2 p+l  < [log n]. 
Fix 0 < c < ½ such that 2ck < e. Let G be the random k-partite graph with vertex 
classes V1 .. . . .  V~, each of size no, obtained by taking the union of p independent 
random matchings between each pair of vertex classes. Clearly, 
A(G)<~ (k2)p< [logn~. 
B. Bollob&, A.D. Scott~Discrete Mathematics 170 (1997) 41-49 43 
If ind(G)>(1 + ck)no then there are indices i ¢ j and sets ~ C V/ and Wj C Vj such 
that ]Wil>~cno, [Wjl>~cno and e(~,Wj) = 0. Let X(G) be the number of such pairs 
with IWil = I~1 = [cno].  Then 
~(X(G)) = (k2) (  [cn°o] )2 ( (  
1 ~P~ [cn°]2 
no/ "/ 
< k2 1 e_(l/no)pcZn~ 
2rtn0c(1 -- c)c2C'o(1 -- c) 20-C)"0 
(1 + o(1))e -pc2 
< \ >-(~ - - c~]  ° 
)o 
< 2 -"0 (3)  
for n sufficiently large, since p ~ oe as no ---+ oe. Thus, with probability 1 - o(1 ), G 
contains no independent set of size (1 + ck)no. 
Now let Y(G) denote the number of triangles in G. Then 
< [logn] 3. (4) 
Thus, with probability greater than ½, G contains at most [log n] 3 triangles. We deduce 
from (3) and (4) that we can find some Go with 
ind(G0) < (1 + ck)no 
and 
Y(Go) < [logn] 3. 
Now pick one edge from each triangle in G and delete it. Note that this increases 
ind(G) by less than [log n] 2 <ckno, provided no is sufficiently large. We get a triangle- 
free k-partite graph G1 with vertex classes VI . . . . .  Vk such that 
IV, I . . . . .  IVkl = no 
and 
A(G)<~ (~)p< [ logn]- ,  
and 
ind(G) < (1 + 2ck)no < (1 + e)no. 
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Let G2 be another copy of GI, with vertex classes W1 . . . . .  Wk. We shall add edges 
between V/i and Wi, for each i, so as to get a [log nl-regular graph. Suppose V/= 
{v, . . . . .  vno} and Wi = {Wl . . . . .  W,o}, and let d; = [logn] -d (v ; ) ,  fo r j  = 1 . . . . .  n. Now 
1 <~ dj <<. [log n 1 for each j,  so it follows easily from Lemma 2 that there is a bipartite 
graph Bi with degrees dl . . . . .  dno in each vertex class. We add this graph Bi between 
V/ and W,, for each i, and call the resulting graph H. We now have a [log nl-regular 
graph. For i = 1 . . . . .  k, let 
S,. = V iu  W,+I, 
where we define Wk+l -= Wl. Then each Si is an independent set of size n, H is 
triangle-free and 
ind(H)<- . . ind(Gi )+ind(G2)  < 2(1 +e)no = (1 +~)n. [] 
Armed with these lemmas, we are now ready to prove Theorem 1. 
Proof of Theorem 1. (i) For k = 2 the theorem is easily seen to be true. We define 
the bipartite graph Bn with vertex classes {x~ . . . . .  XL,,/zj } and {Yl . . . . .  Y[,,/27 } and 
xiy j  E E (B , )  iff i ~<j. 
Then no degree is repeated more than twice, and it is easily seen that ind(B,) = [n/21 . 
(ii) For k~>3 we need a more complicated construction than for the case k = 2. Let 
k be fixed. We shall prove that for every e>0 there exists N(e)  such that for every 
N >N(e)  there is a graph of order N which has no degree repeated more than k times 
and no independent set of more than (1 + ~)N/k vertices. 
Fix e. > 0 and let q = e/6k 2. We begin by constructing, for particular values of 
N, a k-partite graph of order N with no degree repeated more than k times and no 
independent set of more than (1 + U2)N/k  vertices. We shall then modify the graphs 
we obtain to deal with other values of N. 
Let n be large enough such that there exists a [log nl-regular k-partite triangle-free 
graph Go with vertex classes V1 . . . . .  Vk such that IV1[ . . . . .  ]Vk] = n, and ind(G) < 
(1 + q)n (we know from Lemma 3 that such a graph exists). Let m and l be integers 
such that 
mn 2 = (k - 2)/2, (5) 
and so 
l ~ nv /m/ (k  - 2). 
For fixed n, we can do this for arbitrarily large values of l and m. We shall construct 
a graph of order N = 2mkn + 2k 21. 
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IV/I = n, l<~i<~k, 1 ~<j~<2m, 
IR~I = l, l~<g~<k, l~<j~<k 
IR8I = kl, 1 <~i<~k. 
k 2m k k 
v= U U vju U U,% 
i=1 j=l  i=1 j=0 
so { V[ = N = 2mkn + 2k zl. We shall define a k-partite triangle-free graph with vertex 
set V. Our superscripts will be written modk so, for instance, Vj *+l - Vj 1. 
For j  = 1 . . . . .  2m, add to V a copy of G0 with vertex classes Vj j . . . . .  Vj k. Note that the 
largest independent subset of V has size at most 2m(l +e)n+2kZl < 2mn(1 +3kZe) < 
(1 + rl)N, provided that m is sufficiently large (m>k 3 will do). Thus the independence 
condition is already fulfilled. We shall add further edges in such a way as to obtain a 
triangle-free graph in which no degree is repeated more than k times. 
For i --- 1 . . . . .  k, we add edges 
U{K(V~ i, V~+l): m + l~<a < b<~2m} UK 
and 
v/, U Rj +' 
\ j=~+l j=l 
i i+i b4k} U U ~.loi oi+l U{K(Ra,R b ) :14a  < " ' t "h , "h  ). 
h#i 
(The condition h ¢ i ensures that we do not get triangles when k = 3.) 
For each i, let 
Ai =Rau G ~i 
j= l  
and 
k 2m 
8,=U~u U vj. 
j=l  j=m+l 
Then, for each i, A i U Bi is an independent set. In Ai there are kl vertices of degree 0 
(namely the vertices in R~) and mn vertices of degree 
[logn] (6) 
(namely the vertices in Ai\Rio). In B i there are mn vertices of degree 
(m-  l)n + rlogn] +kl  (7) 
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2m (namely the vertices in Uj=m+l Vii), 2l vertices of degree 
mn + kl (8) 
(namely R ItA RI_ 1 ) and (k - 2)l vertices of degree 
mn + (k + 1)l (9) 
(namely Uj4i, i-1 R)). Now the sum of the degrees in Ai is 
mn [log n], 
while the sum of the degrees in Bi is 
mn((m - 1)n + [logn 1 + kl)  + 2l(mn + kl )  + (k - 2) l (mn + (k + 1)l) 
= mn [log n] + (mn + kl)  2 - mn 2 + kl 2 - 2l 2 
= mnI logn  ] + (mn + kl)  2, (10) 
provided mn 2 =(k-  2)• 2, which is true by our choice of m and l. For each i, we shall 
add a bipartite graph between Ai and B i so that the vertices in Ai have degrees 
1, . . . ,mn + kl 
and the vertices in Bi have degrees 
mn + kl + 1 . . . . .  2mn + 2kl. 
If we can do this, then no degree in the resulting graph is repeated more than k times 
(at most once in Ai t.3 Bi for each i) and the graph is k-partite (since A~ tA Bi+l is an 
independent set of vertices for each i). It follows from (6)-(9) that it is enough to 
find a bipartite graph with degrees 
1,..., kl, kl + 1 - [log n] . . . .  , kl + mn - [log n] (11 ) 
in one class, and 
n -  [logn] + 1 ..... n -  [logn] +ran, 
mn + 1 . . . . .  mn + 2l, 
mn+l+ l . . . . .  mn+(k -  1)l (12) 
in the other class. 
We claim that this is possible. We shall prove this by a straightforward application 
of Lemma 2. Rearranging (11) and (12) into increasing order, we get 
1 . . . . .  kl - [log n], 
kl - [log n] + 1, kl - [log n] + 1 ..... kl, kl 
kl + 1, kl + 2 . . . . .  kl +mn - Flog n], (13) 
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and 
n - Ilogn] + 1 . . . . .  mn, 
mn + l ,mn + l . . . . .  ran+n-  I l ogn] ,mn+n-  I lognl, 
mn + n - [logn] + 1 . . . . .  mn+ l, (14) 
mn + l+ 1,mn + l+  1 . . . . .  mn + 2l, mn + 21, 
mn+ 2l + l . . . . .  mn+(k -1) / .  
Let us write eM . . . . .  el and dM . . . . .  dl for the sequences (13) and (14), respectively, 
where M =mn + kl = N/2k. Thus, we want to prove that there is a bipartite graph 
with degrees dl . . . . .  dM and eL . . . . .  eM. Note first that it follows from (10) that the 
sequences (11) and (12) have the same total, so dl . . . . .  dM and el , . . . ,eM satisfy (1). 
We need therefore check only condition (2) in Lemma 2, namely that 
M i 
E min{i, eh } -- Z dh >~0 (15) 
h=l  h=l  
for i = 1 . . . . .  M. Now let 
M i 
s(i) = Z min{i, eh} - Z ah' 
h=l  h=l  
SO 
f ( i  + 1) - f ( i )  = I{h: eh > i}] -d i+ l .  
Note that, for i = 1 . . . . .  k l -  Flog n], 
]{h: eh>i}l = M - i; 
for i = kl - Flog n] + 1 .. . .  , kl + Flog hi, 
I{h: eh >i}l = M - 2i + kl - rlognl; 
and, for i>k l  + [logn], 
]{h: eh>i}] = M - i - [logn 1. 
It is easily checked that f ( i + 1 ) -  f ( i ) >>. 0 for i <~ kl - n + Flog n] and f ( i + 1 ) -  f ( i ) <~ 0 
for i>k l -  n + ~logn], provided n>2~logn] .  Thus, it is enough to check (15) for 
i = 1 and i = M. The case i = 1 is immediate, while the case i = M is equivalent o 
condition (1). 
Thus, we have constructed a graph of order 2mkn + 2k21, where m,n, l  satisfy (5). 
Given values 10 of l and mo of m, we can set 1 = ilo and m = i2mo and construct 
the corresponding graph Gi for any positive integer i. This gives a sequence of graphs 
G1,G2 . . . .  with IG,<l/Iail ---, l as i ~ cxz such that no degree in Gi is repeated more 
than k times and ind(Gi)<(1 + e/2)[Gil/k. Furthermore, Gi is k-partite with degrees 
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1 . . . . .  [Gi[/k in each vertex class. We construct a graph Gi, t of order [Gil + t, for 
any positive integer t, as follows. Let R = {rl . . . . .  rLt/2j } and S = {Sl . . . . .  Slt/2j} be 
independent sets of vertices, disjoint from V(G~), and let W be one vertex class of Gi. 
Let U = 0 if t is even; otherwise, let U = {u} be an additional vertex. We define Gi.t 
by 
V(Gi, t) = V(G i )URUSU U 
and 
E(Gi, t) = E(Gi) U K(R, W) U {risj: i <~j}. 
It is easily seen that Gi, t has no degree repeated more than k times and that 
ind(G)~< 1+~ +t+l  < (1+ , 
provided t+ 1 < ¢k[Gil/2. I f  we pick i0 large enough such that [Gi+1[- [G/[ < ek[Gi[/2 
for i >~ i0, then we can take N(~) = [Gio [ and, for N >N(~), construct he required graph 
of order N by modifying the appropriate Gi. [] 
We remark that it is straightforward to give bounds for no(k, e) in Theorem 1 (and 
so bound the 0(1) term in (1 +o(1))n/k). We do not, however, know the best possible 
bound. In particular, it would be of interest to determine whether for every k there 
is some c(k) such that for every n there is a triangle-free graph of order n with no 
degree repeated more than k times and independence number at most n/k + c(k). We 
conjecture that this is the case. 
The proof we have given for Theorem 1 is essentially probabilistic, so it does not 
give a construction. It would be interesting to find a constructive proof of the theorem, 
although this might not be particularly enlightening. 
There are many further questions of the same type: given a graph H and integer 
k, what can we say about the independence number of graphs that have no degree 
occurring more than k times and contain no copy of H?  More generally, how does 
forbidding a subgraph effect the distribution of degrees? We define 
m(n;H) = max{m: if[G[ = n and no degree in G is repeated more than m 
times then G contains H}. 
Now a graph of order n with no degree repeated more than m times contains at least 
(1 +o(1))n2/4m edges, so an upper bound for m(n;H) can be obtained from ex(n;H). 
An interesting case is C4: an immediate upper bound for m(n;H) comes from the 
condition 
Can this bound be achieved? 
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